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Abstract. It is shown that the symmetric group S, may be usefully embedded in the
orthogonal group O,, and that this embedding leads directly to an n-independent ‘reduced’
notation for both the spin and ordinary representations of S,. Making use of this embed-
ding, together with the properties of Q-functions (or Hall-Littlewood functions), branching
rules for O, S, are developed and the general rule for the decomposition of spin
representations under S, | S, -1 is obtained. Simple methods are given for calculating all
possible Kronecker products involving the spin and ordinary representations of S, and the
resolution of Kronecker squares into their symmetric and antisymmetric parts. The spin
representations of S, are systematically classified as to their orthogonal, symplectic or
complex characters, The emphasis throughout is on obtaining results that obviate the need
for explicit character tables and presenting results in an #-independent manner as much as
possible.

1. Introduction

The symmetric group S,, has long been of interest to physicists and chemists who have
sought to exploit the permutational symmetry associated with many-fermion and
many-boson systems. These applications have usually made use of the well developed
theory of the ordinary representations of S, (Murnaghan 1938, Littlewood 1950,
Robinson 1961). The problem of resolving the Kronecker products of the ordinary
representations of S, has received considerable attention, and techniques have been
developed that obviate the need to use explicit character tables (cf Murnaghan 1937,
1938, Littlewood 1958a, b, Butler and King 1973). Furthermore, many of the results
have been given in an n-independent form using a ‘reduced’ notation for labelling the
irreducible representations (irreps) of S,.

The spin (or projective) irreps of S, have received far less attention, although
physicists are familiar with the spin representations of crystallographic point groups. As
long ago as 1911 Issia Schur, having previously investigated the representations of any
finite group by linear fractional substitutions (Schur 1904, 1907), directed his attention
to the study of the linear fractional substitution representation group <, of S,, (Schur
1911). This group was later shown to be isomorphic to the 2(n!)-order group I',,, called
the spin group of S,, (Morris 1962a, b). The ordinary characters of S,, are also characters
of ', and the remaining characters of I',, are known as the spin characters of S,.

Methods of constructing spin character tables of S, are of recent origin (cf Morris
1962a, Read 1977). Remarkably little is known about the resolution of Kronecker
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products involving the spin representations apart from the explicit use of character
tables. This contrasts strongly with the corresponding results known for the ordinary
representations of S,. While the branching rule for the reduction of the ordinary irreps
under S, |S,_; is well known (Boerner 1970), the corresponding rule for the spin
representations would still appear to be incomplete (cf Wales 1979).

In this paper we shall first review some relevant, though possibly unfamiliar, aspects
of the ordinary representations of S, and then consider some of the properties of the
spin representations of S,,. We then present some simple results relevant to associated
and self-associated representations and establish an O, =S, embedding. The forma-
tion of branching rules for O, | S, is then considered, leading to a ‘reduced’ notation for
the spin representations of S,, making possible many n-independent results. The first
application is to discuss the n-independence of the dimensions of the spin represen-
tations of S,. The properties of the Q-functions are then exploited to give the S, | S,_1
branching theorem. An inner multiplication of Q-functions with §-functionsleadsto a
simple procedure for resolving the Kronecker product of the basic spin representation
of S, with any ordinary representation of S, into spin representations of S,. These
results, together with consideration of the difference characters of S,, give a general
procedure for resolving arbitrary Kronecker products without the explicit use of
character tables. We are then able to use the method of plethysm to resolve Kronecker
squares of the spin representations into their symmetric and antisymmetric parts, and
eventually to classify the spin irreps as to their orthogonal, symplectic or complex
characters. The application of these results to the problem of calculating the nj and 3jm
symbols associated with the spin and ordinary irreps of S,, is briefly considered.

The results given in this paper remove many of the past difficulties associated with
the spin representations of S,, and are presented in the hope that they will stimulate
applications of these important groups to physical problems.

2. Ordinary representations of 8,

The ordinary irreps of S, may be uniquely labelled by the ordered integer partitions
(A)=(A1, Az, ..., A:) of the integer #, i.e.

At+A+.. . FAr=n A=A =, . .20 =0.

These representations of S, may be given an orthogonal Young-Yamanouchi realisa-
tion (cf Robinson 1961, p 38). Thus the ordinary irreps of S, are all of the orthogonal
type, though not necessarily unimodular. A simple prescription for determining
whether an irrep of S, is unimodular or not has been given by King (1974), and readily
allows us to assert that the [n — 1, 1]irrep of S, is never unimodular. We note however
that the sum of an even number of non-unimodular orthogonal irreps will always form a
reducible unimodular representation of §,.

The product of two ordinary characters of S,, may be expressed as a sum of simple
ordinary characters of S,, by standard use of the character tables (cf Ledermann 1977).
If (1) and (u) are partitions of the same integer n then

XOx® =g P (1)

and use of the character table yields the integers g,,.”. However, the object of this paper
is to be able to evaluate Kronecker products of the irreps of S,, without explicit use of
the character tables.
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It is well known that the properties of the ordinary characters of S, may be
expressed in terms of those of the Schur functions (or S-functions) (cf Ledermann 1977,
Littlewood 1950). The outer multiplication of S-functions of weights n and m,
{A}+{u}, is evaluated by the Littlewood~Richardson rule (cf Littlewood 1950) and
corresponds to the decomposition of the induced representation of S,, ., from S, X8S,...
The inner product {A}e{u} of two S-functions of the same weight, say n, has been
defined (Littlewood 1956) by the relation

{Abe{u}=g\."{v} (2)

where there is a one-to-one correspondence between the partitions and g,,,” appearing
in (1) and (2). The systematic evaluation of the inner products of S-functions has been
the subject of many investigations (cf Littlewood 1956, Robinson 1961, Butler and
Wybourne 1969). The inner products of S-functions may be systematically evaluated
without explicit use of character tables, and thus the Kronecker products for any S,, may
be resolved. However, such an approach inherently yields n-dependent information
and as such frequently obscures underlying simplicities in the theory.

The possibility of developing an essentially n-independent resolution of the
Kronecker products was first considered by Murnaghan (1937, 1938), who suggested
the use of a ‘reduced’ notation for labelling the irreps of S, that is n-independent. Inthe
reduced notation, the irrep of S, usually labelled by the symbol [A]=
[n—m, w1, o, . . .J, with (u) being a partition of m, is labelled by the symbol (u)=
(1, w2, . . .). We shall use angular brackets ( ) to specify irreps of S, in the reduced
notation (Butler and King 1973). The reduced notation for the ordinary irreps of S,
arises naturally out of the embedding of the symmetric group in the linear group L,
(Littlewood 1958a). Since the ordinary irreps of S, are orthogonal, including those of
the defining irrep (1), it is possible to treat S, as a subgroup of O, (Butler and King
1973), i.e.

L.{0, {8, (3)

Indeed, for the ordinary irreps of S, we may make the embedding O, =8, an
embedding exploited by Butler and King who have given extensive branching rules for
On—l ‘L Sn'

The use of the reduced notation has led to the n-independent evaluation of the
Kronecker product of symmetric group representations (A) and (u) as (Littlewood
1958a)

ANu) = % (((}AaHBY) « (ul/{aHyh - (B {v}) 4)

where {8} and {y} are necessarily both partitions of the same number. Itisimportant to
note that in transforming from the n-independent reduced notation {u) to the n-
dependent standard notation [A]=[n — m, (u)] the resulting symbols may not be in the
standard form. However, non-standard symbols can always be reordered to give the
standard form by noting that (Murnaghan 1938)

[/\1,...,/\,‘,/\i+1,...,)\k]=_[/\1,...,Ai+1—1,/\,‘+1,...,)\k1. (5)

The group S, possesses two ordinary one-dimensional irreps, [n]and [1"]. Starting
with an irrep [A] of S,,, we may form an irrep [A] by noting that

(AJ1"1=[A). (6)
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The irrep [A] will be said to be the associate irrep of [A 1. If [A]=[A]the two irreps will be
said to be self-associated; otherwise they are mutually associated. Self-associated
irreps of S,, will be indicated by use of a dagger. Thus [321]" designates a self-associated
irrep while [222] and [222]=[3?] are mutually associated irreps of Se.

In the reduced notation [#] and [1"] become labelled as (0) and (1"™'). The (1"
irrep will frequently be designated as (0), where the tilde reminds us that it is formed
from the association of (0). Finally, we shall write

(@)= (0)u) (7

which is the n-independent version of (6). Care must be exercised in interpreting () in
the reduced notation, as the tilde operation does not imply conjugation of the partition
(A) as it does in the standard notation. Thus (1)«>[n —1, 1] while (1) [n—1, 1]=
21" (1772,

We note that self-association for the ordinary irreps of S, is an n-dependent
property. The equivalence or otherwise of (u) and (&) can only be decided for
particular values of n. Thus (21) is self-associated for S¢ but not for any other value of #.

3. Spin representations of S,

The symmetric group S, of order n! has two spin groups I',, and I';, of order 2(n!)
(Morris 1962a). It may be shown (Morris 1961) that only one of the spin groups needs
to be considered since the characters of the two groups are trivially related. The
characters of the positive classes of ', and '}, are the same, whilst the characters of the
negative classes of '}, are found by multiplying the corresponding character of T', by
i=v—1. The group T, is isomorphic to Schur’s T, group (Schur 1911) and we shall
restrict our attention to just the group T',.

The two-valued spin irreps of S, correspond to single-valued irreps of I', and may
be uniquely labelled by the ordered partitions of » into k¥ unequal parts (Schur 1911),
ie.

/\1>A2>...>/\k>0 /\1+/\2+...+/\k=f’l.

To distinguish spin irreps from ordinary irreps of S,, we shall use a prime. Thus [421] is
a spin irrep while [421] is an ordinary irrep of S,.

If (n — k) is even the irrep is self-associated and will be designated as [A]" while if
(n — k) is odd we obtain an associated pair of spin irreps designated as [A] and [A]. We
note that [A ] +[A] corresponds to a reducible self-associated representation for (n — k)
odd. As a consequence we shall often use [A]" without regard to the parity of (n — k),
with the understanding that if (# — k) is odd then

A1 =T +[AY (n—k) odd. (8)

For each value of n there is a basic spin representation [n]” of degree 21"/%), where
[x] denotes the greatest integer less than or equal to x. The basic spin representation is
such a representation from which every representation of S, arises in a Kronecker
power of the basic spin representation. Morris (1962a) has given a prescription for
calculating the simple spin characters of I, for the positive classes (7) = (1713725 .. )
based on the properties of Q-functions, and has gone on to show that for (n — k) odd the
negative class (A1A2 ... Ax) has a non-zero spin character given by

XA =i L a2] ©)
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with XEF{ =— XEQ}' while the spin character of every other negative class is zero. From
(9) we conclude that a spin irrep of S,, will be necessarily complex if (n —k +1)/2 is odd.

In dealing with associated spin representations it is useful to exploit the properties of
difference characters. Following the notation given by (8), we have

AT =[AT +[AY (n—k) odd (10)
and the difference

[AT"=[AT-[AY (n—k) odd. (11)
Hence

(AT =([AT"+[AT")/2 (12a)

(AT =([A1"=[AT"/2. (12b)

For the negative class (A;A, ... A;) we have the difference character
XEiilvf/zi(n—k+l)/2(2Al)‘2. . -/\k)l/2~ (13)

The difference character for all other classes is zero.

4. Properties of associated and self-associated representations

In the previous sections we have noted that both the ordinary and spin irreps of S,, may
be divided into two classes: associated and self-associated irreps. This is a general
property of groups that contain the one-dimensional alternating irrep.

Two theorems concerning associated and self-associated irreps play an important
role in our subsequent analysis of the properties of the irreps of S,.. The proofs of these
theorems follow trivially from the definitions of the self-associated and associated
irrepst. These theorems reinforce the usefulness of the notation developed in (7) and
(10).

Theorem 1. If a group G contains a subgroup H with AL Ay Xi(=ech;) and p:, o
p:(= enp;) being their respective self-associated and associated irreps and eg, € their
corresponding alternating irreps, then

(i) ATLH =alp] +bi(p;+5) (14a)
(ii) if AL H =alp; +bip;

A =gipt is (14b)
then AL H =alp; + b5

where the coefficients a/, b/ are non-negative integer multiplicity numbers and the
Einstein summation convention is adopted.

Theorem 2. Let A}, A;, Xi(=egA;) be self-associated and associated irreps of a group G.
The Kronecker products of the irreps of G necessarily satisfy the identities

() ATXA =A] XX =abAl+bEAe +10) (15a)
(ii) AL XA =afAl+bE+X0) (1556)

te.g if ATLH =alp] +blp;+clp; then the self-association property leads directly to bi = ¢! etc.
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(iii) AXA =A% A (15¢)
(iv) A XA =akAL+bEAe

) ' 3 (15d)
then A; X/\,‘ = af;/\li +b:;)\k

5. S, as a subgroup of O,

As noted earlier, since the ordinary irreps of S,, are orthogonal, including that of the
defining irrep (1), it is possible to treat S,, as a subgroup of O,. Two embeddings deserve
consideration. The first is the non-unimodular embedding defined by

[1]4(1)+(0) (16)

which is possible for C, =S, but not for SO, >S,. The second is the unimodular
embedding defined by

[114(1)+(0) 17)

which makes possible the embedding of S,, in SO,. However, for n even the basic spin
irrep is non-unimodular and hence cannot admit a proper embedding in SO,. Both
embeddings are possible for O, ©§,, and for our purposes we will restrict our attention
to the non-unimodular embedding (16).

We note that for the ordinary irreps of S,, we can make an embedding in O,_;
(Butler and King 1973). However, such an embedding cannot be maintained for the
spin irreps of S,,.

Given the embedding (16), the decomposition of an arbitrary ordinary irrep [A ] of
O, into S, irreps will yield the terms contained in the plethysm

(1H+ON®[A]. (18)

This plethysm can be converted into a plethysm involving S -functions by writing (Butler
and King 1973)

=W/ (-enerD (19
leading to the evaluation of plethysms of the type

(D +0) & {u}. (20)
The evaluation of these plethysms can be made by first noting that (Littlewood 1958a)

(D+HONS{1=(1")+(1". 21

Furthermore, any S-function {u} may be expanded as the product of S-functions of the
type {17} by noting that (Littlewood 1950)

{1*}=a,, (22)
where a, is an elementary symmetric function £ a;a5 . . . a,, and that
{pd}=la,1£,s+,| (23)

- where (i) is the partition conjugate to (). Thus it becomes possible to rewrite (20) as
(D+(0)@{u}=(D+ON®(az,-s+). (24)
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The resulting plethysms may then be evaluated by noting that
(DHON®awy. .. ax = (1) +1TNA) D) .. (1) +(1*7H) (25)

with the Kronecker products being evaluated using (4).

The above prescription, while tedious in application, is complete and capable of
being programmed for computer evaluation. As an example we list the O,|S,
branching rules for partitions of four or less in table 1.

Table 1. Branching rules O, > S,.

O, S,

{0] (0)

[1] (1)+(0)

(1% (1% +(1)

(2] (2)+2(1)+(0)

[1*] (1% +(1%

[21] QL+ 22+ 201D+ 241

[3] (3Y+2(2)+ (13 +3(1) +2(0)

(1% (1H+(1%

[21%] 2134201+ 213+ 2)+2(1%

2% U220+ 3+ 32+ (1D +(1)

[31] B1+321+23) + (1% +4(2) + 5(12) + 4(1) +(0)
[4] @)+ Q1+ 2+ 42y +2(13+5(1) +3(0)

We must now consider the spin irreps of O, ©8S,. The spin irreps of O, may be
labelled as [A; A ] with the basic spin irrep being designated by A=[A; 0] (cf King 1975).
It is readily seen that under O, | S, we have

Aln]". (26)

This result holds for all » if We remember the notation introduced in (8). This suggests
that it should be possible to develop an n-independent reduced notation for the spin
irreps as well as for the ordinary irreps of §,, i.e.

Al Oy, (27)

We shall proceed to develop, and exploit, just such a reduced notation for spin irreps of
Sh

The spin character of the irrep [A; A] of O, may be expressed as the product of the
basic spin irrep A with a sum over the ordinary irreps of O, by writing (King 1975)

[A;A]=8% (-D)"[A/m]. (28)

The reduction to S,, may now be accomplished by using (26) to reduce the basic spin
irrep and (18) to reduce the ordinary irreps of O, into irreps of S,, leading finally to

[A; A1L€0YT Y (). (29)

The right-hand side is a compound spin character of S,, which has been expressed in an
n-independent notation and must be expressible in terms of simple spin characters in an
n-independent manner. To this end we introduce the reduced notation

WY =[n-m, )] (30)
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where () is a partition of m. We then rewrite (29) as
[A; ALY () (31)

A short list of the decompositions arising in the reduction of (29) is given in table 2.

In order to develop our theory further, it is essential to be able to express an arbitrary
. , . L. o . .

spinirrep (u)' as a product of the basicspin irrep {0)"" with a sum over the ordinary irreps
of S,, and vice versa.

Having established the validity of the reduced notation for spin irreps of S,,, we next
consider the n-dependence of the dimensional formulae for the ordinary and spin irreps
of S,.

Table 2. [A; 01{ (0" 3 ().

[4;0] (0Y™(0)

[A;1] (0y™(1)

[a;1% (0y ({175~ (0))
[A;2] <o>’*<<2>+<1>+<0>>

(a; 1% 01} -(1%

[a;21] <o>’*<<21>+<2>+<1 )

(a;3] (0)"((3)+(2) + (1% + 2(1)+(0))

[a;1%] O (1% —(1%)

[a;21%) <0>'*<<212>+<21>+<13>—<2>—<1>)

[a;2% <0>'*<<2>+<21>+<3>+2<2> <1>+<1>+<o>>
[A;31] Y (B1)+2(21) +(2)+(1%) +(2)+ 3(13)(1) ~(0))
[4;4] (0T (d) +(21)+(3) +3(2) + (1% +3(1) + 2(0))

6. Dimensions of irreps of S,

The formula for the dimensions !

(Robinson 1961):

of the ordinary irreps [A] of S, is well known

f=nt/HQ) (32)
where the hook length factor is given by
HM)=TTW~j+k=i+1) (33)

i
where (1) and (1) are mutually conjugate partitions of n. It is possible to display the
n-dependence of an irrep [A] explicitly, taking advantage of the reduced notation to
give (Butler and King 1973)
fH=f = 1’[ (n—m=p;+1i) (34)
where now H(w) is an n-independent function and the remaining product term is
explicitly n-dependent.
The dimension formula for spin irreps of S, was given long ago (Schur 1911) for a
k-part partition [A; ... A.] as

fAY = gl ﬁ a™t TI (M) (35)
i=1

I=si<s=k /\l + /\s
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Taking advantage of the reduced notation, we find

f(nu-y = 2[(n—r—1)/2]cnm IL[ (n —m= ui) f(/-l-)' (36)

i\n—m+u;

where 7 is the number of parts and m the weight of the partition (), C}. a binomial
coefficient and
M s

£i_t) (7

k
()’ -1
£ = mt T (i) (
i=1 1=i<s=r \W + Us

is an n-independent factor which we shall term the reduced dimension of the spin irreps
of S,.

The above results allow us to determine explicitly the n-dependence of the dimen-
sional formula appropriate to any reduced spin irrep (u)'. Thus for (31)" we readily
deduce that f<31) =2 and thence

flrm = fOUT 2 D2y (4 2)(n - 5)(n ~T)/12.

7. Q-functions and S, irreps

The S-functions were introduced by Schur in his development of the theory of the
ordinary irreps of S, (Schur 1901). Later, in his study of the linear fractional
substitution representation group T, of S, he introduced a second symmetric function
termed the Q-function (Schur 1911, p 224). It was much later realised that the $- and
Q-functions were particular cases of what are now known as Hall-Littlewood functions
(Hall 1957, Littlewood 1961). The properties of the Hall-Littlewood functions have
been surveyed by Morris (1976) and a concise description has been given by Thomas
(1976).
Consider a symmetric function of the indeterminants aq, as, ..., a,; then if

1

H (1 —aix)

=1+ Y hx' (38)
r=1

then h, defines the Schur functions {r}. The symmetric function 4, is the sum of all
monomial symmetric functions of degree r in the a,’s. The Schur function {A}
associated with an arbitrary partition (A) is then defined by (Littlewood 1950)

{)\}h =1h/\i—i+j|‘ (39)

A Schur function {A} may be conveniently expanded into products of A; by use of the
Young raising operator 8;;, which operates on a partition (A) by increasing A; by one and
decreasing A; by one with i <j. We then have (Thomas 1980)

{)\}h = n (1 "‘6,’,‘)’1)‘ where h)‘ = hhhl\z e (40)

i<j

and conversely

1
ha, =gjm{)\}h (41)
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remembering that
1/(1“8{j)=1+6ij+6,‘2j+.... (42)

As usual, non-standard symbols are reordered to standard form using (5).
The Schur functions may be generalised by considering the expressions

(1—ta,~x) 3

H(l—saix)=1+,z=:1 qx" (43)
with
{)‘}q |q/\. 1+]’ - 1:[ (1 611) (44)

It is readily seen that 7 =0, s = 1 yields the usual S-functions.
A further generalisation is made possible by considering two sets of indeterminants
ay, &y, ..., a, and B1,-B2, ..., B. and the function

A-wfx) . S por
Iz_]I (1-aBx) ! +,§1 Prx (45)

together with the requirement that P, is expressed in the form

P, =) ki(1)Q:(1)Qi (1) (46)

A
where Q,(¢) is a symmetric function in ay, @s,..., a, Qi(?) is the same symmetric
function but in 81, B2, ..., Bs, and k,(¢) is a polynomial in ¢ which depends on the

partition (A). The functions Q, (¢) are referred to as Hall-Littlewood functions.
The Young raising operators §;; may be used to express the S-functions {A}, in terms
of the Hall-Littlewood functions to give (Littlewood 1961, Thomas 1976)

{A }q H (1 t6t))0)\ ) (47)

i<j

and vice versa,

O/\(t)=,1;[,(1 t8,, {A}q
=T+ +1785+. . MAle (48)

In the theory of the symmetric group, the functions with ¢ = 0 are simply the Schur
functions that arise in the theory of the ordinary irreps of S,. Specifically, if (A) is a
partmon of n and x3 is the irreducible character of the irrep [A] for the cycle

=(1712%2,..n"), then

1
W ==X gxiS, (49)
P

where g, is the order of the class (p) and S, is the symmetric power sum.

The Hall-Littlewood functions Q, (—1) are identical to the Q-functions introduced
by Schur (1911), and play a similar role for the spin characters of S, as do the
S-functions for the ordinary characters. Henceforth we shall write Q(,,= Q,(—1) and
refer to the Q) simply as Q-functions. Each Q-function will be associated with a
partition (A) of n into k integer parts. The partition need not be in standard form.
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Q-functions corresponding to non-standard partitions may be converted into the
standard descending order by noting the following four rules (Morris 1962a, 1976).
(1) If any two parts are equal the Q-function is zero.

(2) Q(...,/\i,)\i,,.l,m) = -Q(..,,,\,-H,A,-,...) (50)

and hence the Q-function is zero if any two parts are equal.
(3) A Q-function will be zero if any part is negative and the magnitude of every part
is different.

(4) Q(,..,,\,-,—A,v....) =0 (51)
while

Q(...,—A.»,/\t,...) = 2(_1)AEO(...,A(_l,A,.,.l,.‘.)‘ (52)

Application of the above rules allows us to reduce any Q-function either to zero or to
the form Q,, where (A) is a partition of n into k unequal parts such that

AL AL>. . . > A >0, (53)

the same condition that applies for the existence of spin irreps of S,.
The connection between Q-functions and the spin characters of S, is made explicit
by Schur’s relation (Schur 1911)

Quy =20 ¥ g, (54)
() h .

where (?V isa simple spin character of the class (7) = (113", ) involving odd cycles
only,p=a;+as+...,h,is the order of the class (1), h the order of T',,, §, = §7:55°. ..
and € =0 or 1 according as (n — k) is even or odd. If € =0 then {Ef,]) is a self-associated
double spin character of S,, and if e=1 it is an associated spin character with
I4 E,% = ¢! Equation (54) may be contrasted with the corresponding result for
S-functions, equation (49). In the latter case the summation is over all the classes of S,
whereas in the former case the summation is restricted to the classes involving odd
cycles only.

The outer product of two Q-functions, say Q) and Q,), of weights #» and m may be
resolved into a sum of Q-functions of weight m +n to give

Q(A) ¢ Q(m = F,\MVQ(V» (55)

v

The non-negative numbers I',,” may be determined by use of (48) to expand each
Q-function as a sum of S-functions, then the outer products of the S-functions
calculated by the usual Littlewood-Richardson rule, and then the resulting $-functions
converted back into Q-functions using (47). Alternative methods are available (Morris
1962a, 1963, 1964a, b).

Q-function division may be defined by

Quw =T 2Qu,) (56)
where [',”, is the same as the coefficient that appears in the outer product
Quy* Quy=T.. O (57)

Outer Q-function products are closely related to the induction S, XS,, 1S, .., and
the Q-function division to the restriction S, 4., 4 S, XS, for spin characters.



338 Luan Dehuai and B G Wybourne

For later use we note that (cf Morris 1962a)

QuQu=200 41,00+« +2Q01 ey T Qtrrsriy (58)

and hence
Qun=2[Qu-1.n0F -+ Qupri ] = 821Q0 1 hi—1)e (59)

It is also useful to define the inner product of a Q-function with an S-function
defined on the same indeterminants by writing

O()\) ° {.u'}h = gt\u,yo(v) (60)

where (A), (1) and (v) are all partitions of n. The inner product may be evaluated by
using (48) to express Q,, as a sum of S-functions {A},, then evaluating the S-function
inner products and finally converting the resultant S-functions back into Q-functions
using (47). In making use of (47) and (48), it is essential to realise that the Young raising
operators must be used prior to use of the reordering rules.

8. The S, | S.-1 branching rule

The S.. | S._1 branching rule for ordinary irreps of S, is well known, and in the reduced
notation amounts to

() () +{u/1) (61)

where (i/1) is determined by removing one cell from the Young diagram of (w ) in all
ways that result in a standard Young diagram. The rule as stated (61) is n-independent.

The statement of a similar rule for the spin irreps of S, is complicated by the
existence of self-associated irreps and associated pairs of irreps. Two special cases have
been discussed (Wales 1979), but no general statement of the rule for spin irreps
appears to have been given. The general rule follows by noting (59) and theorem 1 of
§ 4 to give in the reduced notation

W) L)+ /1 =8 lppns - s 1) (62a)
)" L)+ /1) (625)

where (u/1) is evaluated exactly as for the ordinary irreps and we use the notation
implied by (8). In (62a) we clearly have n — k odd whereas in (62b) n -k is even.
The following examples illustrate the application of the two rules.

(421) [ (421)7 +(42)" +(321)" — (4Z) = (421)" +(42)' + (321)"".
Thus for Si3) S12

[6421] | [5421]7 +[642] +[6321]".
Likewise
(@21)7 ] 421y +@42)" +(321) = (421Y +(@21)+ (42)" +(321y + (321)..
Thus for Si44 Si3

(7421771 [6421] +[64217 +[742] " +[7321] +[73217.
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9. Kronecker products of basic spin with ordinary irreps for S,

We now consider the resolution of the compound character (0)'(sr) as a sum of simple
spin characters of S,. This is entirely equivalent to resolving the Kronecker product of
the basic spin character (0) with an ordinary character (w). The properties of
Q-functions make this a comparatively easy task.
From (60), after noting (48), we have
Qmyo{utn ={ule = [T (1+8,) Q). (63)

i<j

In order to facilitate the reduced notation, we now introduce a special Young raising
operator 8g;, which in the reduced notation has the effect of decreasing u; by one unit.
We can now write a reduced version of (47) and (48) appropriate to the Q-functions for
any S, as

()q = O‘IL (1+6;)Qqu (64)
Quo= [1 [1-8;+85.. . Ku)e (65)

Equation (63) now becomes, in the reduced notation,

Qoy o {u)n =OH<‘(1+51‘])Q<;L>- (66)
=j<j

Application of (66) to an r-part reduced partition will yield 263" terms, not
necessarily all distinct. The results for » < 3 are given in table 3. For a specific partition,
non-standard Q-functions may arise and must be reduced to the standard descending
order by use of the modification rules given earlier.

Thus in the case of a four-part reduced partition we expect (66) to yield 1024 terms.
Specialisation to the reduced partition (4321) results in the survival of just 88 Q-
functions, and of these only 25 are distinct. Restriction to a particular value of n may
result in even fewer terms surviving. Thusif n = 15 the product involving (4321) yields
a total of 56 Q-functions of which 15 are distinct.

The evaluation of a specific inner product, say

Q[n] ° [/\] = gnAMO[y.]’
may be checked by noting that
f[n]'*f[/\] = 2([kAn(mod 2))/2]gn)‘uf'[u]“r (67)

Table 3. Q, ° (A} inner products.

Qe (P =Qup+ Q-1
Qeoy D0 = Qoay +2Q(pa-1y + Qpa-2 + Qupr1,g-10 + Qepitia-2 + Qupm1agy + Qup-14-1
Qo °{Parii = Qcpars T4 Q(par—15 +4Qpgr—2y + Qpar—3 + 2Q(pq—1n T4 Qpq-1,-1)
+2Qpg-1r-2+ Qupg—20 + Qpa-20-15 + Qepgeir-1 +2Qpq+1r-2)
+ Q(pq+1r—3) + O<p~1qr> +2Q<p—1qr—1> + O(p—lqr—Z) + pr-—lq—~lr)
+ O<p~1q—1r—1> + Q(p—1q+1r—1> + Q<p—1q+1r—2> +2O<p+lqr~1> +4Q<p+1qr—2>
+2Qp+14-» T Qpr1g-1n T4Qpr1g-1r—1) T4Q(pr14-1r-2)
+ Q<p+1q—1r—3> + Q(p+lq*2r> +2Q(p+1q—2r—1> + Q<D+14~2742>
+ Qpr1g+tr-2 t Quatgr1r—3 T Qpazgr-3 + Qprza—1r-1)
+2Q¢p+2q-1r-2 + Qpr2g-17-3) T Qepr2q-2r-1> + Qepr2a-20-2)
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where k is the number of parts in the partition (1), g« is the multiplicity associated
with Qr,; and the dimensional factors are evaluated using (32) for the ordinary irreps
and (35) for the spin irreps.

As an example, we note from table 3 that for (321) we have

Q02 (321) = Q5y+20Qw + Q)+ Qs +2Quary
+3Q32+3Qu1+3Qun+ Qont Qa2
Specialisation to n = 11 gives
Qp111°[5321]= (Qes1+ 2 Qprag+ Qusap) + (2Qrsaz1+ 3 Qreany + 2 Qrear; + 3 Q731
+ Qrs213) + Qysa2ny
and (67) yields
32%x2310=1344+2x2880+2400+2x(2x1760+3x2464+3x3168
+3x3168+1232)+2x%x1056=73920
whereas for n =10 we find
Qr101° [4321]= (2Qrea1+ Qrza7) + 3 Q5321+ 2Qsany + 3Qpeany + Qpra1) + Qpazan
with (67) giving
32x768=2%X(2X672+768)+2%(3x864+2x%896+3x1600+800)+4x96
=24 576.
We are now in a position to be able to give a complete algorithm to evaluate the

Kronecker products (0Y(w), as follows.

Algorithm 1.
(1) Evaluate the Q-function inner product Qg ° (), using (66).
(2) Use the modification rules to convert any non-standard Q-function into stan-
dard descending order.
(3) Replace every Q-function, Q,,), appearing in the product by
[k =n(mod 2)/2] ¥

If n —k is odd (o) = (p) +{p).

Thus for (0)7(321) with n odd we obtain

0)1(321) = (5" +2(4Y T+ (3Y T+ 251y +2(42)" + 3(32)"
+341yT+331Y + @1y +2(321)"

from which we deduce for n =11

[1177[53211=[651" +2[74]" +[83]" +4[5421" +6[632]"
+6[6417" +6[73117 +2[8217" +2[5321]".

Similarly for n =12

(1217163217 = 275" +2[84) " +[931") +2([651] " +2[642]" +3[732]"
+3[74171+3[831)" +[921]7) +4[6321]".
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We note that for n even (0)" =(0Y +(J)' and our algorithm will not of course yield the
product {(0)'(u), except where {u) corresponds to a self-associated irrep. To separate
out the terms (0)'(u) and (6)’(;&) from (0)"(u) requires use of difference characters.

Our algorithm can be used to expand recursively any spin irrep ()" as a linear
combination of terms of the type (0)'(1). For example, we may readily establish the
results shown in table 4.

Table 4. Expansion of spin irrepst in terms of the basic spin irrep and ordinary irreps of S,,.

(0)" =(0y"(0)

(1) = G0y (1)~ (0

(2" = G)X0Y"((2)— (1) +(0))

21y =50y ((21) - (3)~(2))

(3)" = H0YT(3) = (2)+(1)—{0)

BLT =30 (31) - 21)— (4)+(2)

(32T =H0Y(32) = (41) = B1)+(5) +{(4) + (3)]
(@) = ENOYT(4) - (3)+(2) = (1) +{0)]

@1YT =20y 41y - 31+ Q2 1) —(5)-(2)]

¥ Where the coefficient appears as (3) it is to be included only for n even.

10. Kronecker producis of spin with ordinary irreps

We now consider the general Kronecker product of a spin irrep (v)'" with an ordinary
irrep {(u), with the understanding that (v)" is either a self-associated irrep or an
associated pair of irreps. Algorithm 1 may be simply extended to give the following
algorithm.

Algorithm 2.

(1) Expand the Q-function Q,, as a sum of S-functions using (48).

(2) Evaluate the terms in the relevant S-function inner products using (4).

(3) Express the resulting S-functions as Q-functions using (47).

(4) Use the modification rules to convert any non-standard Q-function into stan-
dard descending order.

(5) Replace every Q-function Qy,,, including Q,,.;, by

2[(k—n(mod 2))/2]<p>ﬁ‘

If n —k is odd (p)' "= (p) + (5"
The implementation of the above algorithm is seen in the evaluation of (2)'(1%) as

follows.

Q2 (120 = ((2)g —(1)q +(0)g) o (1)

=(21%), + (31)y +(21), +(3), + 2(1%),.

Use of (47) gives

(21%)g > Qi1+ Qay + Quay +2Q3 +2Qy + Quyy

(31)q > Qauy+ Qe+ Quw+203,+ Qg
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(21)q» Qen+ Qi3 +2Qx+ Qqy
(3)g=> Qi+ Q2
(1% > Qi+ Quiy + Qo)
and hence
Qu° (14 =2Q01+3Q01y +2Quy +6 Q) +8Q0) +4Q(1,+ 2 Qo)

and thus for n odd we have

2y (1% =221 +321)") + (2(4Y "+ 6(3)" +8(2)'" +4(1)") + 2(0)"
and for n even

(2)7(1%) =2(31Y "+ 321)" +2(4)" +6(3) " +8(2) " +4(1)" +(0)'".

The above algorithm successfully resolves any product (¥)'(u). It remains to
consider the case where (v)" =(v) + (), which arises when n — k is odd. A study of the
difference characters and Morris’s theorem 5 (Morris 1962a) shows that the terms in
(v)(u) and (7)'(u) may be found using the following algorithm.

Algorithm 3.

(1) Evaluate ()" (u) using algorithm 2.

(2) Divide the coefficients associated with every term found in (1) by two. The
integral part of the resulting coefficients is the number of times its corresponding irrep
occurs in (¥){(u) and in (F)'(u). If there is no residue then the resolution is complete.

(3) The only possible residue will be a term (v)"={(vY +(5). If the characteristic
& = +1, (v) is assigned to (v)(u) and ()’ to (v){u), while if x{*} = —1 the opposite
assignment is made.

The characteristics y*} may be readily calculated by first noting that the class
(n —m’, (v)) can only involve distinct cycles and

X = x5
where m and m' are the weights of the partitions («) and (v) respectively. The value of
the characteristic XE:)] may be found from a theorem due to Littlewood (1950, p 70) (cf
Rutherford 1948, p 76).

Theorem. The characteristic XE:)] is given by

XEZ)J =Z d;

where there is one term d, for each way in which the shape # can be built up by making
firstly a regular application of p; spaces, secondly a regular application of p;, spaces, . . .,
and lastly a regular application of p, spaces, and where d; = (—1)" ¢, being the sum of the
numbers of vertical steps in the & applications.

As an example of the application of algorithm 3, we consider the evaluation of
(2y(1) and (2)’{1). From use of algorithm 2 we deduce that for » odd

YTy =201 +23Y" +32Y T +2(1)"
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while for n even

Y1)y =201V +43Y" +62) T +4(1)".

For n even the above result is complete since (2)"" is self-associated. For n odd we must
have

(1) 221+ 3T+ 2y + (1)
and

Gy =1 +3) +@) +(1)".

The residue is (2)'"=(2) +(3). We need to evaluate x&}. Consider XEQ;}; use of
Littlewood’s theorem yields the diagram

12[2]2]
1]

with just one vertical step, and hence we deduce that
Xy =-1.

This implies that (3Y must be assigned to (2)'(1) and (2)' to (3)(1), and hence for n odd
@Y1 =1 +3)Y + Q)+ + 2y
Gy1y=Q1" +3)Y + @)+ (1) +(2).

11. Kronecker products of spin irreps

It remains now to develop an algorithm for resolving the Kronecker product of a spin
irrep {u) with another spin irrep (»)' into a sum of ordinary irreps. To this end we first
compute () ()", This may be achieved using the following algorithm.

Algorithm 4.
(1) Expand (u)" and (v)'" as products of the basic spin irrep (0)'" with ordinary
irreps to yield

(1) >(0)" (g ()
(Y >0y (8. (o).
(2) The product (0)*x (0" is evaluated for S, as
") = T (19" (684)
and for S,, as

v—1
(0y*0y" =2 go<1">*. (68b)

(3) The calculation is now reduced to the evaluation of Kronecker products of
ordinary irreps and may be effected by use of (4).
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The expressions given in (68a) and (685) follow directly from resolving the
Kronecker products of the basic spin irreps of O, (Littlewood 1950) and then making
use of the O, = S,, reductions discussed in § 6.

Use of the above algorithm readily leads to the n-independent results

YT =0y (2) + (1P +2(0) — (1))
2y =0y (3)+(21) +2(1) —(2) — 2(0))

with the right-hand side being divided by four for n even. If the above results are
specialised to S; we find

(61771617 =2[71 +4[61] +6[52] +8[51%]" +4[43] + 10[421] +8[41°] + 4[32%]
(69a)

52771617 =4[61] +8[52] +8[51%]) +8[43] +20[421] + 12[41°)" + 12[32%]". (69b)

The [617" and [52] " irreps of S, constitute pairs of associated irreps. To resolve the
products it is necessary to consider the properties of the difference characters intro-
duced in (11).

Consider the product {u ) (v)' where w # v and the irreps are associated irreps. Since
(Y {v)"={uw)'(v) =0, we have from consideration of (12a) and (124) that

(@)(w) = (W)@ =3u) @) (70)

and hence if u # v we may trivially resolve the Kronecker products. Thus from (695)
we have

(5211617 =[52] % [61]
=[617 +2[52] +2[51%] +2[43]" + 5[521] +3[41°]"+ 3[3277".

When u =» we have

(Y () =)+ )y "] (71)
()@Y =)™ = (uy "] (72)
= (0) () (). (73)

The problem is solved once {(u)’ "2 is resolved. Consider the character of (x)'"*. This

will have non-zero characteristics only for the classes of (A1 ... Ax)and (A;...A.). Let
() ™= g.." {p); in each of these classes we have

X =20 A A= gl X (74)

where

p _ Ain—k+1_{p)
8u” =21 X ()

and n —k +1 is even, so

sn—k+1_[n—m',
guu” = 20" X (75)
The characteristics ;™! may be found from Littlewood’s theorem.

In the case of S; we easily find

[61] "2 =2([1"1-[71+[52]-[2°1%]-[421]+[321%)



Spin representations

and hence from (69a) and (71) we deduce that

[617[61] =[611 +[52] +[52]+2[51%] +2[41%]
+[437 +2[4217 +[421]+ 3271 +[7]

611611 =[61] +[52] +[52]+2[51%1 +2[41°%]
+[43] +2[4211 +[421]+ 32" +[7].
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As a consequence of the preceding, it is evident that any Kronecker product
involving spin irreps may be systematically resolved. Explicit determination of the

difference characters is only required for the special case of (A)=(u).

12. Plethysms for spin irreps

We now consider the problem of resolving the Kronecker square of the spinirreps of S,
into its symmetric and antisymmetric terms. We first note that for O,,.; we have

AP} =[17]+[1* 4 +[1" 8] +. ..

AR =121+ 1201+ 17711+, L.
for v =0, 1 (mod 4), while

ARy =172+ [1>7 1+ 177+ .

AR} =121+ [17 7+ 177+, .

for v =2, 3 (mod 4).
Consideration of the restriction O, .14 55,1 then leads to

O @)=+ H+ A H+ A7+,

<0>,+®{12} — <12V—2>+<1zv—3>+<12v—6>+<12v—7>+. .
for v =0,1 (mod 4) and

O @R} =1+ D+ O+ T+ L

0" @17 =1+ 1> H+ 12 H+ 17+ L.

for v =2, 3 (mod 4).
In an exactly similar way we find for S,

<0>/+®{2}= <12V—1>+2<12v~2>+<12v—3>+<12V-—5>+2<12u—6>+<12,,_7>+ o

<O>/®{2}=<12u-1>+<12u—3>+2<12v—4>+<12V—-5>+<12v—7>+2<12u~8>+<12v~9>+. .

for =1, 2 (mod 4) and

<O>f1‘®{2}=<12V—1>+<12v—3>+2<12v—4>+<12u—5>+<12v—7>+2<12V—8>+<12v—8>+' .

<0>!+®{12} - <12V—1>+2<12v—2>+<12V—3>+<12v—5>+2<12u—6>+<12u—7>+ .
for v =0,3 (mod 4).

(76a)
(76b)

(77a)
(77b)

(78a)
(78b)

(79a)
(79b)

(80a)

(80b)

(81a)
(815)
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A representation A is said to be orthogonal if the identity irrep occurs in the
symmetric part of the Kronecker square (i.e. in A ®{2}) or symplectic if it occurs in the
antisymmetric part (i.e. in A ® {1%)). If the identity irrep fails to occur in either A ®{2} or
A x{1°} then A corresponds to a complex irrep. This inspection of (78a)~(795) shows
that for S,,.1 the basic spin irrep (0)’" has the property

if v =0, 3(mod 4) (0Y'" is orthogonal
while
if v =1, 2(mod 4) (0)" is symplectic.

For S,, .; the basic spin irrep is always self-associated and never complex.

In the case of S,, the basic spin irrep is an associated pair of irreps ()" =0y +(0Y,
and it is necessary to use difference characters to complete the analysis of the Kronecker
square. We have

(0 - (0) = 4[(0)™ +(0)"*] (82)
where
v—1
OF=2 ¥ ' (83)
2v—1
0y "% =2i" ;O (=1)*(17), (84)

a result that comes from (74) and noting that XEZ)_'""”] =(—1)"if p=17 or else is zero.
The square of the difference character (0 "> may be analysed into its symmetric and
antisymmetric parts to give

(0) "®@{2} = ((0) —(0)) ®{2}

, o (85a)
={0)* —(0)(0Y
and
(0y "®{1%} = (0)"> = (0y (O (85b)
and hence
(0) "®{2} =(0y "®{1%} = (0)' /2. (86)

The Kronecker square of the basis spin irreps (0)’ and (0) of S,, may be evaluated
using (82), (83) and (84). The resolution of the Kronecker square into its symmetric and
antisymmetric terms then follows by noting that

(0) ®{2}=3((0)" ®{2}+(0)' ®{2} —(0)"’] (87a)
(0) @{1%} = 30" ® {17} +(0y @ {1} - (0)"*). (875)
Noting (85a)—-(86) leads to the conclusion that
if v =1, 3(mod 4) (0Y and (0) are complex (88a)
while
if v = 0(mod 4) (0) and (J) are orthogonal (885b)
or

v =2(mod 4) (0Y and (D) are symplectic. (88¢)
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Once the plethysms of the basic spin irreps of S, are known, we may evaluate
plethysms for any spin irrep of S,, since we can always reduce any spin irrep to the
product of the basic spin with a sum of ordinary irreps. With the Kronecker square of
the basic spin irreps resolved as above, we can now in principle resolve the Kronecker
square of any irrep of S,.. The resolution of higher Kronecker powers would first require
the resolution of higher powers of the basic spin irreps. In these cases the O,]S,
embedding can be exploited to yield the resolution of the appropriate powers of the
basic spin irreps.

13. Classification of spin irreps

The spin irreps of S, may be classified as to their symplectic, orthogonal or complex
characters by use of the classification found for the basic spin irreps and remembering
that the ordinary irreps of S,, are all orthogonal. The following algorithm leads to a
complete classification.

Algorithm 5.
(1) If (n —k+1)/2 is odd then the spin irrep [A1....Ag] is complex.
(2) If (n—k+1)/2 or (n—k) are even for n =2» + 1 we have for the spin irreps

v =0, 3(mod 4) orthogonal
v=1,2(mod4) symplectic

while for n = 2v we have

v =0, 1{mod 4) orthogonal
v=2,3(mod4) symplectic.

14. Concluding remarks

The main thrust of this paper has been to develop a reduced n-independent notation for
the spin irreps of the symmetric group and then to establish a series of simple algorithms
to enable their properties to be evaluated in a largely n-independent manner. The need
for explicit character tables has effectively been eliminated. Much of this work has a
direct bearing on the problem of constructing 3jm and nj symbols for the symmetric
group, particularly since every irrep of a given S, must arise in some power of the basic
spinirrep of S,.. Starting with the basic spin irrep, it should be possible systematically to
build up the 3jm symbols involving both spin and ordinary irreps of S,.
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